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WMAP and supergravity inflationary models

M.C. Bento,* N. M. C. Santos,† and A. A. Sen‡

Departamento de Fı´sica, Instituto Superior Te´cnico, Av. Rovisco Pais 1, 1049-001 Lisboa, Portugal
~Received 7 July 2003; published 29 January 2004!

We study a class ofN51 supergravity inflationary models in which the evolution of the inflaton dynamics
is controlled by a single power in the inflaton field at the point where the observed density fluctuations are
produced, in the context of the braneworld scenario, in light of Wilkinson Microwave Anisotropy Probe results.
In particular, we find that the bounds on the spectral index and its running constrain the parameter space both
for models where the inflationary potential is dominated by a quadratic term and by a cubic term in the inflaton
field. We also find thatas.0 is required for the quadratic model whereasas,0 for the cubic model. More-
over, we have determined an upper bound on the five-dimensional Planck scale,M5&0.019 M, for the qua-
dratic model. On the other hand, a running spectral index withns.1 on large scales andns,1 on small scales
is not possible in either case.
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I. INTRODUCTION

The first year Wilkinson Microwave Anisotropy Prob
~WMAP! data have confirmed the ‘‘concordance’’ values
the cosmological parameters with unprecedented accu
and given important information on the primordial spectru
of density perturbations@1,2#. Their results favor Gaussian
purely adiabatic fluctuations and a spectral index that r
from ns.1 on large scales tons,1 on small scales. More
over, WMAP has confirmed earlier Cosmic Background E
plorer ~COBE! Differential Microwave Radiometer~DMR!
observations that there is a lower amount of power on
largest scales when compared to that predicted by the s
dard cold dark matter model with a cosmological const
(LCDM).

Although these results are not yet firmly established~for
an analysis of WMAP results which finds no evidence
running see Ref.@3#!, it seems worthwhile to reexamine in
flationary models in light of WMAP results, as they may gi
us further insight into the very early Universe. Supergrav
inflationary models are particularly important as supersy
metry ~or its local version, supergravity! is the only known
way to avoid the hierarchy problem, i.e. the fact that the h
energy scale of inflation communicates to other sectors of
theory driving the electroweak scale much above its
served value via radiative corrections.

However, supergravity inflationary models also suf
from a kind of hierarchy problem as supersymmetry is b
ken by the large cosmological constant during inflation g
ing all scalars, including the inflaton, a soft mass of the or
of the Hubble parameter@4#. As a result, the curvature of th
inflaton potential, as measured by theh slow-roll parameter,
becomes too large to allow for a sufficiently long period
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inflation to take place—the so-calledh problem.
Recently, it has been shown that this problem can

avoided within the Randall-Sundrum type II braneworld sc
nario @5#, at least for a class of supergravity models in whi
the evolution of the inflaton dynamics is controlled by
single power at the point where the observed density fluc
tions are produced and the inflationary potential can, the
fore, be approximately given by

V.D4F11cnS f

M D nG , ~1!

where M5M P /A8p is the reduced Planck mass. In th
braneworld context, the Friedmann equation acquires an
ditional term quadratic in the energy density@6#

H25
8p

3M P
2 rF11

r

2lG , ~2!

where l is the brane tension, which relates the four a
five-dimensional Planck scales through

M P5A 3

4p

M5
3

Al
. ~3!

It is precisely the new parameterM5 that plays a crucial role
in the resolution of theh-problem in supergravity inflation
As shown in Ref.@7#, for the case where the first term in E
~1! is dominant andn52 or n53, this problem can be
avoided provided the five-dimensional Planck mass satis
respectively, the conditionM5&1016 GeV and M5.1.1
31016 GeV. The case where the second term is domin
andn52, corresponding to chaotic inflation, has been st
ied in Refs.@8,9#, where it is shown that it is possible t
achieve successful inflation with sub-Planckian field valu
thereby avoiding well known difficulties with higher orde
nonrenormalizable terms.

In this paper, we reexamine this class of supergrav
models for the quadratic and cubic cases in light of WMA
results. The case of chaotic inflation has already been a
lyzed in Ref. @10#, with the conclusion that the quadrat
©2004 The American Physical Society08-1
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potential is allowed at two-sigma for any value of the bra
tension and the quartic potential is very constrained, part
larly in the case where the inflationary energy scale is cl
to the brane tension. Here we concentrate on the case w
the first term in Eq.~1! is dominant. We find that althoug
the running of the scalar spectral index is within the boun
determined by WMAP for both the quadratic and cubic mo
els and for a wide range of potential parameters, a spe
index running fromns.1 on large scales tons,1 on small
scales is not possible in either case as precisely the opp
trend is found.

II. QUADRATIC POTENTIAL

We first consider the case where the potential is quadr
in the inflaton field,f, and we rewrite it as

V5V01
1

2
m2f2, ~4!

and assume that the first term is dominant.
In supergravity, effective mass squared contributions

fields are given by

1

2
m258p

V0

M P
2 '3H2, ~5!

since the horizon of the inflationary de Sitter phase ha
Hawking temperature given byTH5H/2p @4#.

Contributions like the ones of Eq.~5! lead to h
[M P

2V9/8pV.2; however, the onset of inflation require
h!1. Within the braneworld scenario, however,h and the
remaining ‘‘slow-roll’’ parameterse and j, are modified, at
high energies, by a factor proportional tol/V @8#

e[
M P

2

16p S V8

V D 2 11V/l

~11V/2l!2
, ~6!

h[
M P

2

8p S V9

V D 1

11V/2l
, ~7!

j[
M P

4

~8p!2

V8V-

V2

1

~11V/2l!2 . ~8!

In the high energy approximation,V@l, we obtain, for this
model

e5
M P

2

8p

m4f2

V0
2a

, ~9!

h5
4

a
, ~10!

j50, ~11!

where we have also used the approximationV.V0 during
inflation and the definitiona[V0 /l. As shown in Ref.@7#,
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if a is sufficiently large, theh-problem is automatically
solved by the brane correction.

The number ofe-folds during inflation,N, in the brane-
world scenario, is given by@8#

N.2
8p

M P
2Ef I

fF V

V8
F11

V

2lGdf, ~12!

in the slow-roll approximation. We see that, as a result of
modification in the Friedmann equation, the expansion rat
increased, at high energies, by a factorV/2l. For this model,
we get, in the high-energy approximation,

N5
a

4
logS f I

fF
D1

2pa

M P
2 ~f I

22fF
2 !1

16p2a

M P
4 ~f I

42fF
4 !.

~13!

Notice that, for sub-Planckian field values, the second
third terms are negligible. The value off at the end of in-
flation can be obtained from the condition

max$e~fF!,uh~fF!u%51. ~14!

However, we shall considerfF5bM as a free paramete
since quadratic potentials of the type we are studying a
typically in the context of hybrid inflation, once some oth
field is held at the origin by its interaction withf. In these
scenarios, inflation may end due to instabilities triggered
the dynamics of the other field and, therefore, the amoun
inflation strongly depends on the value of the inflaton field
the end of inflation,fF , at the time the instabilities arise
Actually, these instabilities are necessary in order to end
flation ase!1 for a@1 and sub-Planckian field values.

The amplitude of scalar perturbations is given by@8#

As
2.S 512p

75M P
6 DV3

V82
F11

V

2lG3U
k5aH

, ~15!

where the right-hand side should be evaluated as the com
ing wave number equals the Hubble radius during inflati
k5aH. Thus the amplitude of scalar perturbations is
creased relative to the standard result at a fixed value of
for a given potential. Using the high energy approximati
andV.V0 in Eq. ~15!, we obtain

As
2.

1600p

75

V0
6

l3m4 expS 28Nk

a D , ~16!

where Nk is the number of e-folds between the time t
scales of interest leave the horizon and the end of inflati

The scale-dependence of the perturbations is describe
the spectral tilt@8#

ns21[
d ln As

2

d ln k
.26e12h, ~17!

which, for this model, gives
8-2
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FIG. 1. Contours of the infla-
tionary observablesns ~dashed!,
as ~full ! andr s ~dot-dashed! in the
(a,b) plane for the quadratic
model; the arrow points in the di
rection of decreasingr s . The al-
lowed region is shaded and, a
indicated, different panels corre
spond to different values ofN!.
re,

MB

sets

ds

. We
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es
ns512192
b2

a2 expS 8Nk

a D1
8

a
. ~18!

The ‘‘running’’ of the scalar spectral index is given by

as[
dns

d ln k
516eh224e222j, ~19!

and we get

as5512
b2

a2 expS 8Nk

a D F123 expS 8Nk

a D G . ~20!

The amplitude of tensor perturbations is given by@11#

At
25

64

150pM P
4 VS 11

V

2l DF2U
k5aH

, ~21!

where

F25FA11s22s2 sinh21S 1

sD G21

, ~22!

and

s[F2V

l S 11
V

2l D G1/2

. ~23!

In the low energy limit (s!1), F2'1, whereas F2

'3V/2l in the high energy limit. Defining~we choose the
normalization of Ref.@12#!

r s[16
At

2

As
2 , ~24!
02350
we obtain

r s.0.06
M P

4m4lb2

V0
3 expS 8Nk

a D . ~25!

WMAP bounds on the above inflationary observables a
for this class of models~caseh.3e, class D in Ref.@12#!

0.99,ns,1.28, 20.09<as<0.03,

r s<1.10. ~26!

These bounds refer to the scale best probed by the C
observations i.e.k50.002 Mpc21; accordingly, we set
Nk(k50.002)5N!. On the other hand, bounds onns from
other experiments are less blue, e.g. the combined data
from BOOMERANG, CBI, DASI, DMR, MAXIMA , TOCO andVSA

give @13#

0.955,ns,1.05. ~27!

In Fig. 1, we show contours of the observational boun
on the inflationary observablesns , r s andas in the (a, b)
parameter space, for different values ofN!; in these plots,
we have taken the bounds of Eq.~26! except for the upper
bound onns , for which we took the bound of Eq.~27! in-
stead since such a blue spectrum is not to be expected
also plotted theas50 contour, which shows thatas is re-
quired to be positive for this model. The shaded area co
sponds to the allowed region in parameter space. We wo
also like to mention that we have checked that it is poss
to obtain sufficient inflation with sub-Planckian field valu
e.g.N570 for f I50.2M P anda, b within the range speci-
fied in Fig. 1.
8-3
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Notice that the contour corresponding to the upper bo
on as is too small to be visible in Fig. 1, hence we show it
Fig. 2, for N!555 ~similar behavior is obtained for othe
values ofN!), which makes it clear that this bound plays
important role in constraining the parameter space. We
tain lower bounds ona andb, namelya.39.23, pratically
independent ofN!, whereas the lower bound onb ranges
from 2.231023 to 1.731024 asN! ranges from 50 to 75.

In Figs. 2 and 3, we have superposed contours of the s
M5, as derived from Eqs.~16! and~3!, where we have used
the COBE normalization i.e.As5231025 for Nk5N!

555. As the allowed region is quite narrow for low values
a, it allows us to find an upper bound onM5 , M5
&0.0194 M, which we have checked is almost independ
of N!. Combining the above results, we find a lower bou

FIG. 2. Contours of the inflationary observablesns ~dashed! and
as ~full ! for N!555. The allowed region is shaded and the dot
contours correspond to different values ofM5 in units of M.

FIG. 3. Contours of the inflationary observablens ~dashed! for
N!555 ~notice that the range ofa andb is enlarged as compare
with Fig. 2!. The allowed region is shaded and the dotted conto
correspond to different values ofM5 in units of M.
02350
d

b-
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on the scaleV0, namelyV0
1/4&2.131023 M.

Notice that we have chosen to varyN! since, although a
wide variety of assumptions aboutN! can be found in the
literature, the determination of this quantity requires a mo
of the entire history of the Universe. However, while fro
nucleosynthesis onwards this is now well established, at
lier epochs there are considerable uncertainties such as
mechanism ending inflation and details of the reheating p
cess. This issue was recently reviewed in Ref.@14# ~see also
Ref. @15# for similar results!, where a model-independent up
per bound was derived, namelyN!,60; in fact,N!555 is
found to be a reasonable fiducial value with an uncertainty
around 5 around that value; however, the authors stress
there are several ways in whichN! could lie outside that
range, in either direction. Moreover, in the braneworld co
text, one expectsN! to depend on the brane tension. Act
ally, one expects to obtain larger values ofN! because, in the
high-energy regime, the expansion laws corresponding
matter and radiation domination are slower than in the st
dard cosmology, which implies a greater change inaH rela-
tive to the change ina, therefore requiring a larger value o
N!. This is confirmed by the results of Ref.@16#, where the
boundN!,75 is found for brane inspired cosmology.

We have studied the dependence ofns on k to see whether
ns can vary fromns.1 to ns,1 from large to small scales
From the conditionk5aH, assuming that H is approxi
mately constant during inflation, we obtain the relation

exp~Nk!5
kF

k
, ~28!

wherekF is the value ofk at the end of inflation. Inserting
this relation in Eq.~18!, we obtain

ns'11
8

a
2192

b2

a2 S kF

k D 8/a

, ~29!

from which we conclude that, fora, b fixed, ns increases
with k. Hence, it is not possible to obtain the desired beh
ior, i.e. ns decreasing fromns.1 to ns,1 ask increases.

III. CUBIC POTENTIAL

We shall now consider the case where, due to some c
cellation mechanism@17#, the quadratic term is absent an
the potential is cubic inf,

V5D4F11gS f

M D 3G . ~30!

As mentioned before, we shall assume that the first term
dominant. The parameterg is expected to be of order unit
and negative@17#; the model of Ref.@18# corresponds to
precisely this case, withg524.

We start by computing the slow-roll parameters,

e.
18g2

a S f

M D 4

,s
8-4
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FIG. 4. Contours of the infla-
tionary observablesns ~dashed! in
the (a,N!) plane for the cubic
model. The allowed region is
shaded and we also show contou
corresponding to different value
of M5 ~dotted! in units of M. The
upper left panel corresponds to th
results for this model in the low
energy approximation, i.e. withou
the brane corrections, and the re
maining three panels correspon
to the high energy approximation
for different values ofg.
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a S f

M D ,

j.
72g

a2 f2, ~31!

wherea[D4/l.
The value off at the end of inflation can be obtaine

from Eq. ~14!; we get, fromueu.1

fF.S a

18g2D 1/4

M , ~32!

while, from uhu.1, we obtain

fF.S a

12ugu D M . ~33!

Hence, the prescription to be used depends on the valu
a. For g524, we see that the two prescriptions coinci
for a.26.

The number ofe-foldings,N, is given by

N5
aM

6ugu F 1

f I
2

1

fF
G . ~34!

Therefore, sufficient inflation to solve the cosmologic
horizon/flatness problems, that isN.70, is achieved, for in-
stance forg524, if f I,7.531022M P .

For As , we obtain, in the high energy regime,
02350
of

l

As
2.

a l

5400 p2g2fk
4 , ~35!

wherefk is the value off at horizon-crossing. The scala
spectral index and its running can be readily computed fr
the slow-roll parameters, Eq.~31!, via Eqs.~17! and ~19!.
Notice that the inflationary observables can, of course,
written as a function ofN!, as for the quadratic model, usin
Eq. ~34! with f I5fk , but one has to bear in mind that th
prescription to use forfF depends ona.

WMAP bounds on the inflationary observables are,
this class of models~caseh,0, class A in Ref.@12#!

0.94,ns,1.00, 20.02<as<0.02,

r s<0.14, ~36!

again for the scalek50.002 Mpc21. In Fig. 4, we show
contours of the inflationary observablens , as in the (a,N!)
plane. We have checked that neitheras nor r s give further
constraints on the parameter space. We also show cont
corresponding to different values ofM5, as given by Eq.
~35!, again COBE normalized. The upper left panel cor
sponds to the results for the low energy regime,V!l, where
the brane corrections are negligible, and the remaining th
panels correspond to the high energy regime,V@l, for dif-
ferent values ofg.

We see that it is the lower bound onns that most con-
strains the model and, clearly,ns51 cannot be obtained. It is
also clear that, for the model to work,N!.65 is required if
brane corrections are not included andN!.60 if those cor-
rections are included; in the latter case, however, this bo
increases outside the range 300&a&100, for g524 ~this
8-5
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range is slightlyg-dependent, see Fig. 4!. Moreover, the run-
ning parameter is always negative although it can be q
small. Finally, 0.042M&M5&0.025M , for g524 ~how-
ever, these bounds do not change significantly withg, see
Fig. 4!.

Clearly, the spectral index cannot run fromns.1 on large
scales tons,1 on small scales, sincens(k),1 for this
model.

In Ref. @7#, a very strict bound ona was derived for this
model from the requirement that the reheating temperatu
small enough to avoid the gravitino problem. We should l
to point out that there was a numerical error in that com
tation and, in fact, the bound is much weaker and pratic
meaningless.

IV. CONCLUSIONS

We have analyzed the implications of WMAP results,
particular the bounds on the inflationary observables, fo
class of supergravity inflationary models, Eq.~1! with n
52,3. We find that, for the quadratic potential, the ma
constraints come from the WMAP’s bounds onns and upper
bound onas . We have obtained lower bounds on paramet
a andb, namelya*39 ~pratically independent ofN!) and
the lower bound onb ranges from 2.231023 to 1.731024
t.

s.
.
.

02350
te

is

-
y
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s

as N! varies between 50 and 75. We have also found
upper bound onM5 , M5&0.0194 M, pratically independen
of N!. Moreover, we conclude thatas.0 is required for this
model.

For the cubic potential, in the low energy regime i.e. wit
out the brane correction, a relatively high value ofN! , N!

.65, is required so as to meet WMAP’s lower bound onns .
In the high energy regime, when brane corrections are
nificant, the allowed region in the (a,N!) parameter space
changes with g and the main constraints come fro
WMAP’s lower bound onns . Moreover, we find thatas
,0 for this model.

We have also studied whether it is possible to obtain
running spectral index such thatns.1 on large scales and
ns,1 on small scales and concluded that this is not poss
for either model.
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